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Abstract: We summarize some recent results obtained in collaboration with J. McCarthy on the spectrum 
of physical states in W3 gravity coupled to c = 2 matter. We show that the space of physical states, defined 
as a semi-infinite (or BRST) cohomology of the W3 algebra, carries the structure of a BV-algebra. This 
BV-algebra has a quotient which is isomorphic to the BV-algebra of polyvector fields on the base affine space 
£^ I of SX(3,C). Details will appear elsewhere. 
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1. Introduction 



■ Understanding the spectrum of physical states in theories of two-dimensional W-gravity coupled to 



matter poses an interesting challenge. Unlike in the case of ordinary gravity, the computation of the relevant 
semi- infinite (or BRST) cohomology of the underlying W-algebra appears to be very difficult, and only a 
small number of results have been rigorously established. One expects that by studying the structure of 
ly-j ' this cohomology space it might be possible to achieve a better understanding of (quantum) W-geometry and 

string field theory. The problem is also mathematically quite interesting as it involves generalizing some of 
the standard techniques for computing semi-infinite cohomologies to non-linear algebras. 

In this paper we summarize some recent work done in collaboration with J. McCarthy on the computa- 
I tion of physical states in WVgravity coupled to two scalar fields, as the semi-infinite cohomology of a tensor 

product of two Fock space modules of the W3 algebra. A complete result for the cohomology is given in 
Conjecture 3.1, Theorem 3.2 and Corollary 3.3. We then discuss in some detail the structure of the space 
of physical states as a Batalin-Vilkovisky (BV) algebra and, in particular, show that it is modelled on the 
well-known BV-algebra of regular polyvector fields on the base affine space of SX(3,C). The main result 
here is given in Theorem 4.6. For more details we refer to [1-3] and the forthcoming paper [4]. 

Throughout this paper we will use the notation t) for the Cartan subalgebra, f)| for the set of integral 
weights, P+ for the set of dominant integral weights, P++ for the set of strictly dominant integral weights, 
A + for the positive roots and W for the Weyl group of some Lie algebra jj. £(A) will denote the finite 
dimensional irreducible representation of g with highest weight A G P + and l[w) the length of w G W. In 
the following g will always refer to 5(3. 



2. The VV3 algebra and its modules 

The W3 algebra with central charge c £ C (denoted simply by W in the sequel) is defined as the quotient 
of the free Lie algebra generated by L m , W m , to G Z, by the ideal generated by the following commutation 
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relations (see e.g. the review on W- algebras [5], and references therein). 

[L m ,L n ] = (m - n)L m+n + -^m(m 2 - l)5 m+n , , 
[L m , W n ] = (2m - n)W m+n , 

[W m ,W n ] = (m-n) (^(m + n + 3)(m + n + 2) - ±(m + 2)(n + 2)) L m+ . 
+ (3(m - n)A m+n + ^m(m 2 - l)(m 2 - 4)6 m+nfi , 

where (3 = 16/(22 + 5c) and 

A m = ^ L n L m - n + ^2 L n L m - n - ^(m + 3)(m + 2)L TO . 

n<-2 n>-2 

Notice that, due to the non-linearity of A m in (2.1), W is not a Lie algebra. The Cartan subalgebra Wo of 
W is spanned by Lo and Wo, but, because (ad Wo) is not diagonalizablc, W does not admit a root space 
decomposition (a generalized root space decomposition, i.e. a Jordan normal form, does however exist). 
Nevertheless, it is still convenient to decompose the generators of W according to the (— adLo) eigenvalue, 
and define W± = {L n , W n | ± n > 0}. However, this is not a triangular decomposition in the usual sense. 

For physical applications the most interesting representations of W are the so-called positive energy 
modules, which are defined by the condition that (the energy operator) L is diagonalizable with finite 
dimensional eigenspaces, and with the spectrum bounded from below. If the lowest energy eigenspace is one 
dimensional, we denote the eigenvalues of Lq and Wq on the highest weight state by h and w, respectively. 

In particular, the Verma module M(h,w,c) is defined as the (positive energy) module induced by W_ 
from an 1-dimensional representation of Wo- By the standard argument, M(h, w, c) contains a maximal sub- 
module. We denote the corresponding irreducible quotient module by L(h, w, c). The module contragradicnt 
to M(h, w, c) will be denoted by M(h, w, c). 

Another class of positive energy modules of W arc the Fock space modules F(A, ao), which arise in the 
free field realization of W in terms of two scalar fields (see e.g. [5], and references therein). The modules 
F(A, ao) are labelled by the background charge ao € C and an 5(3 weight A. 

The central charge c and the highest weights h and w of F(A, a ) are given by 

c(a ) = 2 - 24a 2 , 

h(A) = -(6x62 + Ms + e 2 e^) - a 2 = i(A, A + 2a 0( o) , (2.3) 
w(A) = 

where 

0i = (A + a o p,Ai), 6 2 = (A + aoP,A 2 - Ai), 3 = (A + a oP , -A 2 ) . (2.4) 

Here, Ai and A 2 are the fundamental weights of s[ 3 , and p= \ J2 a eA + a IS * ne Weyl vector. Note that h(A) 
and w(A) as in (2.3) determine A only up to a Weyl rotation A — > w(A + a p) — a p, w e W . 

The following theorem summarizes some of the known results on the structure of Fock space modules 
F(A,a ): 

Theorem 2.1 [1,2]. 

(i) Let 1' and 1" be the canonical (W- ) homomorphisms 

M{h{A),w{A),c(a )) F{A,a ) ^ M{h{A),w{A),c(a )) . (2.5) 

Then 1' (resp. 1") is an isomorphism if i(A + aop) G r/D + (resp. —i(A + aop) e i]D+ ) and ao 2 < —4. 
Here D + = {A e ()*|(A,a) > Va G A + } denotes the fundamental Weyl chamber and r\ = sign(— iao). 
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(ii) For c = 2, the Fock space F(\, 0) is completely reducible. Explicitly, for all A G we have 

F(X,0) = m$L(h(A),w(A),2), (2.6) 

AeP+ 

where mj^ is equal to the multiplicity of the weight A in the irreducible Bnitc dimensional representation 
£(A) of SI3 with highest weight A. 

3. Fock space cohomology of the W3 algebra 

Despite the fact that W is not a Lie algebra, the analog of semi-infinite (or BRST-) cohomology can 
still be defined [6,7]. As usual, one introduces two sets of ghost operators (bm, Cm) , j — 2, 3 of conformal 
dimension (j,—j + 1), corresponding to the generators L m and W m , m G Z, respectively. These ghost 
operators satisfy anti-commutation relations {bm,<M '} = #m+n,o&''- 7 ". Let F gh denote the standard positive 
energy module. The ghost Fock space F gh = ©„ eZ F gh '" is graded by ghost number, where gh(cm) = 
— gh(6m) = 1 and the highest weight state (physical vacuum) is chosen to have ghost number 3 (i.e. such 
that states and their corresponding operators have identical ghost numbers). For any two positive energy 
modules V M and V L , such that c M + c L = 100, there exists a complex (V M ® V L ® F gh ' n ,d), graded by 
ghost number, and with a differential (BRST operator) d of degree 1. For an explicit formula for d, which 
is rather involved, we refer to [7,1,2]. We will denote the cohomology of this complex by H(W, V M ® V L ). 
The cohomology relative to the Cartan subalgebra Wo will be denoted by H(W, Wo; V M ® V L ). 

For V L = F(A L , ocq ) this cohomology is interpretated as the set of physical states in W-gravity coupled 
to some matter theory represented by V M . One is interested mainly in two cases: where V M is either a 
so-called minimal model L(h M , w M , c M ) or a free field Fock space F(A M , ct^f). The minimal model case was 
discussed in [1,3]. The analysis of H(W, F(A M , a^)®F(A L , a^)) for generic a + (i.e. a + 2 Q where we have 
parametrized a^f = a + + ot- , — iot^ = a + — a_ , a + a_ = — 1) was started in [7] and completed in [3]. Here 
we will complete the analysis, begun in [2], of a non-generic case, namely a± = ±1 (i.e. a^f — 0, — ia^ = 2 
or c M = 2,c L = 98). 

Because of Theorem 2.1 (ii) it suffices to compute the cohomology for the c — 2 irreducible W- modules 
L(A) = L(h(A), w(A), 2) 

Conjecture 3.1 [4]. Let A e P+. 

(i) The cohomology H n (W, W ; L(A) (g> F(A L , 2i)) is nontrivial only if there exist w G W, a G W U {0} 
such that 

-iA L + 2p = w~ 1 (A + p-ap) . (3.1) 

(ii) For w,a,A and A L as in (3.1), the cohomology H n (W, Wo; L(A) ® F(A L ,2i)) is 1-dimensional in the 
following cases 

aeW, AgP+, weW, n = £( W - 1 ) - i(w~ l a) +3, 

cr = 0, AGP++, weW, n = £(w- 1 ) + l or n ^ £(w- 1 ) + 2 , 

<7 = 0, (A, a,) = 0,A ^ 0, we<n>\W, n = £( W - 1 ) + 2, 

cr = 0, (A,ai) = 0,A ^ 0, w G ri(<n>\W), n = l( w - 1 ) + l. 

and vanishes otherwise. 

In the case that certain weights (A, — iA L ) and certain ghost number n satisfy (i) and (ii) for more than 
one choice of (w,a), the above should be understood in the sense that the corresponding cohomology is 
nevertheless 1-dimensional. 
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Let us comment on the status of this conjecture. For —iA L + 2p G P + we have an isomorphism 
F(A L ,2i) = M(h(A L ),w(A L ),2) (see Theorem 2.1 (i)). By taking the (conjectured) resolutions of L(A) in 
terms of generalized Verma modules M(h,w,c = 2)jv [2] and using the known result for H n (W, Wo;M(h, w,c)<gi 
M(h',w', 100 — c)), the conjecture follows (see [2] for details). [The resolution of L(A) for A G P ++ in [2] 
contains a minor misprint, see [4].] 

For the other Weyl chambers, i.e. w(—iA L + 2p) G P+, the conjecture is based on an analysis of the 
cohomology for generic a + in the limit a + — > 1 (i.e. c M — ► 2) and passes various nontrivial consistency 
checks. Among others, it is consistent with duality 

H 6 - n (W, W ; L(A) ® F(A L , 2*)) = ff"(W, W ; L(A) ® F(A L , 2i)) , (3.2) 

where F(A, ao) = F(w (A + cuo/?) — c*op) denotes the module contragradicnt to F(A, a ). 

Both the conjectured resolutions of L(A) as well as the result for the cohomology (Conjecture 3.1) have 
also been verified by extensive computer calculations using Mathematica™. 

Let L be the lattice 

L = {(A,/ i )ef)J®h z |A-MGZ.A + }. (3.3) 

Note that, in particular, 

(A, A') - (ji, M ') = (A - M , A') + (/i, A'-/i')eZ, (3.4) 

for all pairs (A, /i) and (A',/u') in L. We will restrict the momenta (A M ,—iA L ) to the lattice L. As a 
consequence, all the vertex operators V^m i4 l)(z) = cxp(iA M • <p M + iA L ■ <j> L )(z) will become mutually local 
because of (3.4) and, moreover, one can find a set of cocycles turning the underlying BRST-complex into a 
Vertex Operator Algebra (VOA). This will be essential for the construction of the BV-algebra in Section 3. 
In addition, the most interesting cohomology happens to be situated at (A M , —iA L ) G L. 
Now consider the cohomologies 

n = H(W,F(A M ,0)®F(A L ,2i)), 

(A M ,-iA L )eL 

^ ( 3 - 5 ) 
W re i= H(W,W ;F(A M ,0)®F(A L ,2i)). 

(A M ,-iA L )£L 

We recall 

Theorem 3.2 [1,2]. 

(i) Ti. (and H rc i) carries the structure of a g © [) module (g = sl^). The action of g is through the zero modes 
of the Frenkel-Kac-Segal vertex operator construction (in matter fields only), while f) acts as — ip L (with 
eigenvalues —iA L ). This module is completely reducible under g © f). 

(ii) There exists a (non-canonical) isomorphism (as g © f) modules) 

TC l = Hl el © FLl e i © W-lei 1 © 'Hid 2 ■ 
By combining the results of Theorems 2.1, 3.2 and Conjecture 3.1, we find 

Corollary 3.3. The cohomology H rc \ is isomorphic (as a g © f) module) to the direct sum of irreducible 
modules £(A)<8)Ca' with momenta (A, A') G f) z ® f) z lying in a set of disjoint cones {5^ + (A, w~ 1 \) \ A G P+}, 
i.e. 

=0 {C(A + \)®C A , +W - 1X ), 

wEW (A,A')eS£ \EP+ 

where the sets 5™ (tips of the cones) are given in Table 1. 
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n 


w 


cn 
°w 





1 


(0,0) 


1 


1 


(Ai, -Ai + A 2 ), (Ax + A 2 , 0), (A 2 , Ai - A 2 ) 




n 


(0,-2A 1 + A 2 ) 




r 2 


(0,Ax -2A 2 ) 


2 


1 


(2Ai, -Ai), (0, -Ai - A 2 ), (2A 2 , -A 2 ) 




n 


(Ai, -2Ai), (A 2 , -3Ai + A 2 ), (0, -4Ai + 2A 2 ) 




r 2 


(A 2 , -2A 2 ), (Ax, Ax - 3A 2 ), (0, 2Ai - 4A 2 ) 




r 2 r\ 


(0,-3Ai) 




nr 2 


(0,-3A 2 ) 


3 


1 


(Ai + A 2 ,-Ai - A 2 ) 




n 


(A 2 , -2Ai - A 2 ), (Ai, -4Ai + A 2 ), (A 2 , -5A X + 2A 2 ) 




r 2 


(Ai, -Ai - 2A 2 ), (A 2 , Ax - 4A 2 ), (Ai, 2A X - 5A 2 ) 




r 2 r\ 


(Ai, -3Ai - A 2 ), (0, -5Ai + A 2 ), (A 1; -5Ai) 




nr 2 


(A 2 , -Ax - 3A 2 ), (0, Ax - 5A 2 ), (A 2 , -5A 2 ) 






(0,-2Ai -2A 2 ) 


4 


n 


(0, -4Ai - A 2 ) 






(0, -Ai - 4A 2 ) 




r 2 r\ 


(Ai, -4Ai - 2A 2 ), (A 2 , -5Ai - A 2 ), (0, -6Ai) 




r\r 2 


(A 2 , -2Ai - 4A 2 ), (Ai, -Ax - 5A 2 ), (0, -6A 2 ) 




T\r 2 T\ 


(0, -3Ai - 3A 2 ), (2Ai, -4Ai - 3A 2 ), (2A 2 , -3Ai - 4A 2 ) 


5 


r 2 ri 


(0,-5Ai -2A 2 ) 




nr 2 


(0,-2Ai -5A 2 ) 




r\r 2 r\ 


(Ai, -5Ai - 3A 2 ), (Ai + A 2 , -4Ai - 4A 2 ), (A 2 , -3Ai - 5A 2 ) 


6 


r\r 2 r\ 


(0, -4Ai - 4A 2 ) 



Table 1. The sets <S™ 

In particular we see that, as an 5(3 module, the 'ground ring' TiP decomposes as Ti° = © AeP+ C(A) and 
is therefore a so-called 'model space' for sl^. It is well-known that this model space can be realized as the 
space V°(A) of polynomial functions on the so-called 'base-affme space' A = N + \G [8]. For 5I3 this model 
space is given by C [x l , yi}/ {x l yi) (i = 1, 2, 3), i.e. polynomials in 6 variables x l , yi transforming in the 3 and 
3 of 5(3 respectively, with a single relation x l yi = [9]. In fact, one can show that TiP = V°(A) as algebras 
[4]. One might think that, just as in the Virasoro case (corresponding to Q = s[ 2 ) [10-12], part of the rest of 
H allow an interpretation in terms of polyvector fields on this base affine space. This turns out to be true 
and will be elaborated on in the next section. 
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4. The BV-structure of H 

To explain the algebraic structure of the cohomology H of Section 2 we will first need to recall the 
definition of a Gerstcnhabcr algebra (or G-algebra, for short) [13] and a BV-algebra (or coboundary G- 
algebra) [14-16,12] as well as some basic facts. 

Definition 4.1. A G-algcbra (A, • , [ , ]) is a Z-graded, supercommutative, associative algebra A = ©i<=z ^ 
(under ■) as well as a Z-graded Lie superalgebra (under [ , ]), such that the (odd) bracket acts as a 
superderivation of the algebra, i.e. 

[x,y z] = [x,y}- z+{-l)^- 1)lvl y[x,z}, x,y,zeA. (4.1) 

For any commutative algebra A and A- module A4, one defines the the set T>(A, A4) of derivations of A 
with coefficients in M. as the set of elements D e Hom(„4, M) that satisfy the Leibniz rule 

D(x ■ y) = y(Dx) + x{Dy) . (4.2) 

The set D n (A) of polyderivations of order n is defined by induction as those D e Hom(A,T >n ^ 1 (A)) sat- 
isfying the Leibniz rule (4.2) as well as being completely antisymmetric when considered as elements of 
Hom(„4®",„4). We recall 

Theorem 4.2 [17]. Let A be a commutative algebra. The set of polyderivations T>(A) carries the structure 
of a G-algcbra, with the bracket given by the Schouten bracket. 

Another example of a G-algebra is the Hochschild cohomology H(A, A) of an associative algebra A [13]. 

Definition 4.3. A BV-algebra (A, ■ , A) is a Z-graded, supercommutative, associative algebra A with a 
second order derivation A (BV-operator) of degree —1 satisfying A 2 = 0. 

Lemma 4.4 [18,12,16]. For any BV-algebra (A, ■ , A) we may define an odd bracket by 

[x,y] = (-l)^( K A(x- y )-(Ax)-y-(-l)^x-(Ay)) , x,yeA. (4.3) 

This will equip A with the structure of a G-algebra. Moreover, the BV-operator acts as a superderivation 
of the bracket 

A[x,y] = [Ax,y] + (-l)^ 1 ^, Ay] . (4.4) 

In general, given a commutative algebra A, the G-algebra V(A) of polyderivations of A will not carry 
the structure of a BV-algebra. However, if A is the algebra of (smooth or polynomial) functions on some 
smooth manifold M, then T>(A) is isomorphic to the set of polyvector fields P(M) on M [17]. If, moreover, 
M possesses a volume form, then we can in fact equip T>(A) (= "P(M)) with the structure of a BV-algebra 
[18,12]. Another example of a BV-algebra is the Grassmann algebra /\* g of a Lie algebra g [12]. 

Given a BV-algebra (A, ■ , A), let .4° be its 'ground ring.' It follows from equations (4.1), (4.3) and 
(4.4) that there exists a natural way to embed A into the G-algebra of polyderivations of .4°, i.e. V(A°), 
namely 

Theorem 4.5. Let (A, • , A) be a BV-algebra. Suppose A n — for all n < 0. 

(i) There exists a homomorphism of G-algebras tt : A — > V(A°) defined by 

n(y)(x 1 ,x 2 , ...,x n ) = [[... [[y,x 1 ],x 2 ], ■ ■ ],x n } , y eA n , x x ,x 2 , ...,x n eA°. (4.5) 

(ii) Suppose that the G-algebra V(A°) admits a BV-structure (V(A°), ■ , A') and that nA(x) = A'tt(x) for 
all x e A 1 , then tt is a BV-homomorphism and X = Kern is a BV-ideal of A. 

We are now ready to state the main result of this paper 
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THEOREM 4.6. Let H be the cohomology defined in (3.5). Then 

(i) H. can he equipped with the structure of a BV-algebra. 

(ii) There exists an ideal X c H such that we have an exact sequence of BV-algebras 

— > X — > H V(H°) — > 0, (4.6) 

where T>(TC°) is isomorphic to the BV-algebra V(A) of polyvector helds on the base afhne space A = 
N + \G. 

Let us make some comments on the proof. Quite generally, as has been shown in [10-12,16], BRST 
cohomologies of VOA's carry the structure of a BV-algebra. The product in this BV-algebra is given by 

[2] 

the normal ordered product of the VOA while A = b l 1 . The crucial part of the proof of (i) is therefore 
to show that the complex carries the structure of a VOA. This amounts to showing that one can find an 
appropriate set of cocycles for the lattice L. This is a straightforward exercise. [One might wonder whether 

[31 

there exists additional structure in H beyond that of a BV-algebra, in particular whether b gives rise to 

[31 

a second BV-operator. It turns out however that, due to the non-diagonalizability of Wo, b Q does not act 
on TL] As we have seen in Section 2, there exists a canonical isomorphism of algebras H° = V°(A), where 
V°(A) denotes the (commutative) algebra of polynomials on A. This implies T>(H°) = V{A) as algebras. 
That 7r is in fact a BV-epimorphism follows from Theorem 4.5 by explicitly checking that tt intertwines the 
BV-operators on H 1 and V 1 (A) and that it acts onto. 

We would like to remark here that, contrary to the Virasoro case [12], both the dot product and the 
bracket in X are not identically zero. Also, the exact sequence (4.6) splits both as an exact sequence of H° 
and Q ffi f) modules, but not as an exact sequence of BV-algebras. 

Details of this paper as well as a more detailed analysis of the BV-algebra structure of the entire Ti. will 
appear elsewhere [4]. 

Acknowledgement: We would like to thank the organizers of the "1st Giirsey Memorial Conference" for 
the opportunity to present this talk, and C. Thielemans for making available to us his Mathematica package 
OPEdefs [19]. 

References 



[1] P. Bouwknegt, J. McCarthy and K. Pilch, Lett. Math. Phys. 29 (1993) 91 fltiep-th/9302086D 



[2] P. Bouwknegt, J. McCarthy and K. Pilch, in "Perspectives in Mathematical Physics," Vol. Ill, eds. 
R. Penner and ST. Yau, pp. 77-89, (International Press, Boston, 1994) Jhep-th/9303164| ). 



[3] P. Bouwknegt, J. McCarthy and K. Pilch, in the proceedings of the workshop "Strings, Conformal 
Models and Topological Field Theory," Cargese 1993, eds. L. Baulieu et al., (Plenum Press, New York, 
1995) (|hep-th/9311137[) . 



[4] P. Bouwknegt, J. McCarthy and K. Pilch, The W3 algebra: modules, semi-infinite cohomology and BV- 



structure, USC-95/18, ADP-95-46/M38 ( |hep-th/9509119| ) . 
[5] P. Bouwknegt and K. Schoutens, Phys. Rep. 223 (1993) 183 dhep-th/9210010[ ). 
[6] J. Thierry-Mieg, Phys. Lett. 197B (1987) 368. 

[7] M. Bershadsky, W. Lerche, D. Nemeschansky and N.P. Warner, Phys. Lett. 292B (1992) 35 flhep- 
th/9207067| ); Nucl. Phys. B401 (1993) 304 ( |iep-th/921104C| ). 



I.N. Bernstein, I.M. Gel'fand and S.I. Gel'fand, in "Lie groups and their representations," Proc. Summer 
School in Group Representations, Bolyai Janos Math. Soc, Budapest 1971, pp. 21-64, (New York, 
Halsted, 1975). 



- 7 - 



[9] 
[10] 

[11] 
[12] 

[13] 

[14] 

[15] 

[16] 

[17] 

[18] 

[19] 



D. P. Zhclobcnko, "Compact Lie groups and their representations," (Providence, Amer. Math. Soc, 
1973). 

E. Witten, Nucl. Phys. B373 (1992) 187 ( ^ep-th/9108004[ ); E. Wittcn and B. Zwicbach, Nucl. Phys. 
B377 (1992) 55 ( |hep-th/9201056D . 



Y.-S. Wu and C.-J. Zhu, Nucl. Phys. B404 (1993) 245 ( frep-th/920901l| ). 

B.H. Lian and G.J. Zuckerman, Comm. Math. Phys. 154 (1993) 613 ( fcep-th/9211072| ). 

M. Gerstenhaber, Ann. Math. 78 (1962) 267. 

J.-L. Koszul, Asterisque (hors serie) (1985) 257. 



E. Getzler, Batalin-Vilkovisky algebras and two-dimensional topological field theories (tiep-th/9212043) 



M. Penkava and A. Schwarz, On some algebraic structures arising in string theory ( iep-th/921207! 

I.S. KrasiPshchik, Lect. Notes in Math. 1334 (1988) 79. 

E. Witten, Mod. Phys. Lett. A5 (1990) 487. 

C. Thielemans, Int. J. Mod. Phys. C2 (1991) 787. 



- 8 - 



